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Abstract. A connection-like objects, termed horn- connections are defined in the 
realm of non-commutative geometry. The definition is based on the use of homo- 
morphisms rather than tensor products. It is shown that hom-connections arise 
naturally from (strong) connections in non-commutative principal bundles. The in- 
duction procedure of hom-connections via a map of differential graded algebras or a 
differcntiablc bimodule is described. The curvature for a hom-connection is defined, 
and it is shown that flat hom-conncctions give rise to a chain complex. 



1. Introduction 

The theory of connections in non-commutative geometry is well-estabhshed; see 
[5]. One starts with a differential graded algebra QA = ©„_o^"^ over an algebra 
A = Q'^A, and defines a connection in a left A-module M as a linear map V° : M —>■ 
Q^A^aM that satisfies the Leibniz rule V°(am) = da®A^ + aV'^(m), for all m G M 
and a G A. This is a non-commutative definition obtained by a direct replacement of 
commutative algebras (of functions on a manifold X) and their modules of sections (of 
a vector bundle over X) in the classical definition of a connection, by non-commutative 
algebras and their general (one-sided) modules. This definition captures very well the 
classical context in which connections appear and brings it successfully to the realm 
of non-commutative geometry. 

On the algebraic side, however, this definition of a connection seems to be only a 
half of a more general picture. First, a non- commutative connection is defined with 
the use of the tensor functor. The tensor functor has a left adjoint, the hom-functor. 
It seems therefore natural to ask whether it is possible to introduce connection-like 
objects defined with the use of the hom-functor. Second, the vector space dual to M 
is a right A-module. A (left) connection in the above sense, does not induce a (right) 
connection on the dual of M. In view of the hom-tensor relation (or, equivalently, 
the adjointness properties mentioned earlier) the induced map necessarily involves the 
hom-functor. 

The aim of this paper is to demonstrate that there is a natural and potentially quite 
rich theory of connection-like objects, defined as maps on the spaces of morphisms of 
modules. Because of the role played by the spaces of homomorphisms, these objects 
are termed hom-connections. 

We start by introducing the notion of a hom-connection in Section 2. We then 
give the classical geometric interpretation of this notion in terms of vector bundles. 
Next we show that every left connection on a bimodule (in the sense of [S]) gives 
rise to a hom-connection. This construction then leads to the main non-commutative 
geometric example: A strong connection in a non-commutative principal bundle or a 
coalgebra- Galois extension yields a hom-connection on the space of equivariant maps 
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from the total algebra of the extension to a corepresentation space of the structure 
coalgebra. We then study the induction procedure of hom-connections via differen- 
tiable bimodules and, as a particular case, via maps of differential graded algebras. 
Section 3 is devoted to analysis of hom-connections on higher forms. It is shown that 
any hom-connection can be extended to higher forms. The notion of a curvature is 
introduced and we show that a consecutive application of hom-connections can always 
by expressed in terms of the curvature. This leads to a chain complex associated to a 
flat (i.e. curvature-zero) hom-connection. This chain complex and its homology can 
be considered as dual complements of the cochain complex associated to a connection 
and the twisted cohomology, which play a fundamental role in the theory of non- 
commutative differential fibrations pQ. The curvature of a hom-connection induced 
by a map of differential graded algebras is shown to be very closely related to the 
curvature of the original hom-connection. In particular this induction procedure pre- 
serves flatness. Finally we give the interpretation of fiat hom-connections with respect 
to a semi-free differential algebra as contramodules. 

All vector spaces, algebras (always associative and with unit) are over a fixed field 
k. The unadorned tensor product is over k. Differential (non-negatively) graded alge- 
bras are denoted by QA, QB, the letter A, respectively B indicating the zero-degree 
subalgebra. The n-degree subspace of flA is denoted by f2"A. Degree one differentials 
are denoted by d. As is customary, we write da for d{a) with understanding that d is 
applied only to the element represented by a letter which immediately follows d. 

2. Non-commutative hom-connections 

2.1. Definition. Given a differential graded algebra {QA, d) over an algebra A, a right 
hom-connection is a pair (M, Vo), where M is a right A-module and 

Vo : HomA(fiM,M) ^ M, 
is a /c-linear map, such that, for all / G IIom^(r2M, M) and a G A, 

Vo(/a) = Vo(/)a + /(rfa). 
Here Hom^(nM, M) is a right A-module by (fa){uj) := f{auj), to G ^l^A. 

Since the difference of two maps HomAi^^A, M) M satisfying conditions of 
Definition 12. II is a right A-module map, for a fixed M, hom-connections are an afiine 
space over Hom^(Hom^(f2M, M), M). 

2.2. Take a smooth manifold X and a smooth vector bundle E over X. The sections 
of any vector bundle over X are a (right) module over the algebra of smooth functions 
C°°{X). By the Serre-Swan theorem, there is an isomorphism 

Homcoo(x)(r(T*X),r(E)) ~ Vectx{T*X,E), 

where 'Vectx(T*X, E) denotes the space of vector bundle maps T*X E, and r(— ) 
denotes (smooth) sections. Vect xiT* X, E) is a (right) C°°(X)-module with the fi- 
brewise product {'Vectx(T*X, E) can be identified with the module of sections on 
the hom-bundle }lom{T* X , E) over X). With this identification, a hom-connection 
(T{E), Vo) corresponds to a map 

Vo : Vectx(T*X, E)^T{E), 
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such that, for all ip e Yectx{T*X, E) and / G 

Vo((/^/) = VoM/ + ¥^od/. 

2.3. The difference between hom-connections and connections can be exemplified in 
the case when VL^A is a finitely generated and projective right A-module. In this case, 
there are isomorphisms, for any left A-module A^, 

YLomk{N,9}A®AN) ~ B.omk{N , A^om{Q}A\ N)) ~ AHom(fiM*, Endfc(iV)), 

where Endfc(A^) is a left A-module by (ae)(n) := ae(n), for all a G A, n G 
and e G Endfe(A^). Also, Q}A* := Homyi(f2M, A) is viewed as an A-bimodule by 
a^h{ijj) = a^ihuo). Under this identification, a connection (in the sense of [5]) V° : A^ — >■ 
Q}A®aN., corresponds to a collection of A;-linear maps {V^ : N N \ ^ E fiM*}, 
such that, for all a G A and n E N, 

V%in) = aV°(n), V°(an) = V°,(n) + ada)n. 

On the other hand, for any right A-module M , 

Homfc(HomA(fiU, M), M) ~ Homfc(M(g)AfiU*, M) ~ A^om{n^A*, Endfc(M)), 

where Endfc(M) is a left A-module by (ae)(m) := e{ma), for all a G A, m G M and 
e G Endfc(M). A hom-connection (M, Vo) corresponds to a collection of A;-linear maps 
{V^ : M M \ ie Q}A*}, such that, for all a G A and me M, 

Vo^(m) = Vo(ma), Vo"(?ti) = Vo(m)a + m^{da). 



2.4. In case both A and f2M are finite-dimensional, there is a one-to-one correspon- 
dence between hom-connections and connections in a comodule of the dual coalgebra 
A* (cf. [21 Definition 6]). 

Asumme that A is a finite-dimensional algebra and denote by C its dual coalgebra, 
C = }iomjs{A, k). Let {a'^ G A} be a basis for A and let {c* G C} be the dual basis. 
Write L = B.omk{Q^A, k) for the dual vector space of Q^A. L is an A-bimodule, with 
multiplications given by {alb){uj) = l{buja), for all I E L, a,b E A and uj G Q^A. Since 
A is finite-dimensional, L is a C-bicomodule with the left and right coactions 

s s 

The differential d : A Q^A induces a coderivation on L (cf. [9]) 

i.e. A = Homfc((i, k). Let M be a right A-module. Then M is a left C-comodule with 
the coaction : m ^ Yls c'^®'^^'^. If, in addition, Q^A is finite dimensional, then 
there is an isomorphism of vector spaces 

T : LUcM HomA(fiU,M), T (^h^m^ (u) = ^li{uj)mi, 

where 

(. i i,s i,s 
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is the cotensor product. 

Proposition. Given a finite dimensional algebra A and a finite- dimensional Q}A, 
define C = Hom^lA, k), L = Homfc(f2M, A;) and A = Homfc(d, k). The assignment 

Vo ^ -Vo o T, 

establishes a bijective correspondence between hom- connections Vo : B.omA{^^A, M) — > 
M and connections LOqM M in a left C-comodule M (with respect to the coderiva- 
tion X : L C). 

Proof. First note that, for all Yli h®f^i £ LOq^ and a G A, 
(2.4.1) T mm^i a = T(^k 

Take a hom-connection Vq, write V := — Vq o T, and compute 

(*'^ ° ^) {y. ^^^"^^ ='J2 {j2 ^'^"^^ 

= - ^ c'^OVo /ja'Omi j ) ^ c''S)li{da')mi 

where the second equality follows by the fact that Vq is a hom-connection, while the 
third one follows by equation fl2.4.ip . In the view of the definition of the left C- 
coaction on L, this calculation confirms that V is a connection in the left C-comodule 

Let {u^} be a finite basis of the vector space Q^A and let {e* G L} be its dual basis. 
In terms of this basis the inverse of T is : / ^-^ e*®/((x^*). Note that, for all 
aeA,ue n^A, f G Hom^(^]M, M), 



f{au;) = Ye\au)f{ 



I.e., 

(2.4.2) fa = Y,^'a®f{uj'). 

t 

Take a connection V : LUqM — > M in the left C-comodule {^g, M), and set Vq 
V o T~^. Since V is a connection in a comodule, for all li®mi G LD^M, 



s \ i / s \ i / i 



)®nii. 
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Evaluating this equality at a G A, one immediately finds 

(2.4.3) V li'S)mi^ a = V /ia(g)mi^ + ^ li{da)mi. 

Combining equations fl2.4.2p and (12.4.31) one obtains 

Vo(/a) = -V e'a^fiu')^ = -V e*®/(a;*) j a + ^ e\da)f{u') 

= Vo{f)a + f{da). 
This proves that (M, Vo) is a hom-connection. □ 

2.5. Example. Suppose that [Q^A, d) is an inner first order differential calculus on 
A, that is that there is a one-form S G fiM such that, for all a & A, 

da = aH — Sa. 

Then, for any right A-module M, 

Vf : RomA{n%M) ^ M, /(S), 

is a hom-connection. 

The universal first order differential calculus on A, i.e. the differential graded algebra 
with Q^A given as the kernel of the multiplication map : A® A —>■ A and with 
d : a \—>- l^a — a®!, is inner if and only if A is a separable algebra. This means that 
there exists an element l G A^A such that, for all a E A, at = ta and = 1; see 
e.g. [SI Chapter II§1]. The generating universal one-form is defined by S = i — 1®!. 
Thus every module over a separable algebra admits a hom-connection with respect to 
the universal differential graded algebra. 

2.6. Example. As a very explicit example of a hom-connection, we calculate all hom- 
connections on the Laurent polynomial algebra A = C[u,u~^], with respect to the 
non- commutative differential calculus Q^A := duA with the A-bimodule structure 
determined by udu = qduu, q G C\ {0}. If g 7^ 1, the differential calculus Q^A is inner 
with the generating form 

E = duu~^. 

q-1 

Write f{u) = J2n ^^u"' for a general element of A, and then, for any 7 G C, denote 
by fi'yu) the polynomial ^„c„7"'ti". Take any right v4-module M. Then M ~ 
Hom^(nM, M), where the element m G M is sent to Rm G Hom^(fiM, M) defined 
by Rm{duf{u)) = mf{u). Note that f{u)du = duf{qu), hence Rmfiu) = Rmf{qu)- 
Furthermore 

df{u) = du idjiu)) , dj{u) = lM^p^u-\ 

q — 1 

(in case g = 1 the Jackson g-derivative dq should be replaced by the usual deriv- 
ative). With these computations at hand, one easily checks that hom-connections 
Hom^(fiM, M) —>■ M are in bijective correspondence with C-linear maps Vq : M — > 
M such that, for all m e M, f{u) e A, 

Vo(m/(gii)) = Vo{m)f{u) + mdgf{u). 
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The hom-connection Vg comes out as 

In particular, in the case of a regular A-module M = A horn- connect ions are in 
one-to-one correspondence with elements a of A, by 

V'o{f{n)) = af{q-\) + dJ{q-\). 

Note that a = Vo(l). The hom-connection Vq corresponds to a = -^u^^. 

2.7. Consider differential graded algebras QA and QB. There is a procedure of in- 
duction of hom-connections with respect to QB from hom-connections with respect 
to QA by a differentiable bimodule, a notion introduced in [U Definition 2.10] as an 
extension of ideas developed in [13, Section 3.6], [lOj . 

A (5, v4)-bimodule E with a left connection V° : £^ ^ Q}B®bE and a {B,A)- 
bimodule map a : E^aVL^A —>■ Q}-B®bE is called a differentiable {QB,Q A) -bimodule, 
provided that, for all e G i? and a G A, 

(2.7.4) V°(ea) = V°(e)a + a{e®Ada). 

For all e G -E, we write cXe for a right y4-linear map Q^A Q^B^bE, uj i— > a(e(8>A^)- 

Theorem. Let (i?, V°,(t) 5e a differentiable {QB,QA)-bimodule. For any hom- 
connection Vo : HomAi^^A, M) M , there is a hom-connection (HomA(-E', M), Vf ), 

: HomB(l]^S,HomA(S,M)) ^ HomA(^,M), 

defined by 

V^(/)(e):= Vo(/oae)-/(V°(e)), 
/or a// / G YLomB(Vl}B, HomA(^, M)) ~ HomA(1^^5(g)BE, M) and e G ^. 

Proof. First note that, since o" is defined on the tensor product of A-modules, for 
all a G v4, (/ o ae)a = f o a^a- Hence 

Vo^(/)(ea) = Vo((/oae)a)-/(V°(ea)) 

= Vo (/ o a,) a + (/ o a,){da) - f (V°(e)a) - / ((T(e®^da)) 
= Vo(/oae)a-/(V°(e))a = V^(/)(e)a, 

where the second equality follows by the definition of a hom-connection and by equality 
fl2.7.4p which is a part of the definition of a differentiable bimodule. The third equality 
is a consequence of the right A-linearity of /. This proves that Vf (/) is a right A- 
module map, as required. 

To check the hom-connection property of , in addition to any / and e, take also 
any 6 G 5, observe that the left 5-linearity of a implies that fh o = f o ai,e, and 
compute 

V^(/6)(e) = Vo(/6oae)-/6(V°(e)) = Vo(/oabe)-/(bV°(e)) 

= Vo(/ o a,,) - / (V° (be)) + f{dh®Be) = V^if)ibe) + f{db){e), 

where the penultimate equality follows by the Leibniz rule for the left connection V°. 
Therefore, is a hom-connection. □ 
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2.8. A left connection in a bimodule is a special case of the differentiable bimodule 
discussed in 12. 7[ Recall from [5', Section 8] that given an algebra B, a left connection 
on an {A, i?)-bimodule M is a connection V° : M — >■ Q^A^aM that is a right B- 
module map. As a consequence of Theorem 12 . 71 one obtains 

Corollary. Let : M ^ Q^A^^M be a left connection in an {A, B) -bimodule M. 
Then, for any right B -module N, the pair (HomB(M, A^), Vq), where 

Vo := -HomB(V°, A^) : Hom^lfiM^^M, iV) ^ HomB(M, A^), 

is a hom- connection. 

Proof. Since V° is a right i?-module map, (M, V°, 0) is a differentiable {QA, QB)- 
bimodule, with QB = B. The map Vo is induced from the zero hom-connection in 
M by the procedure described in Theorem 12.71 □ 

2.9. Example. The left A-module A has a left connection d : A ^I^A0aA ~ fiM. 
Let B be any subalgebra of the constant algebra H^{A) = {a E A \ da = 0}. Then 
d is a left connection in an [A, i?)-bimodule A, hence, for any right 5-module N, it 
induces a hom-connection in B.omB{A, N), Vo(/)(ci) = —f{da). Thus, although A 
might not have a hom-connection, its vector space dual always has a hom-connection. 

2.10. An example of a hom-connection of more geometric origin comes from the theory 
of (strong) connections on non-commutative principal bundles; see e.g. [12], [3], [7]. 

Let C be a coalgebra and let P be an algebra and a right C-comodule with the 
coaction Ap : P ^ P®C. Define the coinvariant subalgebra of P, 

A:= {aeP\ypeP, Ap{ap) = aAp{p)}, 

and consider the canonical map 

can : P(g)AP ^ P(S)C, p®Aq^P^p{q)- 

The algebra inclusion A C P is called a coalgebra- Galois extension, provided the 
canonical map is bijective. A coalgebra- Galois extension is a rudimentary version of 
a non- commutative principal bundle; the bijectivity of can represents freeness of the 
action of a structure group, represented by C, on the total space of a principal bundle, 
represented by P. 

A strong connection in a coalgebra- Galois extension is a C-covariant splitting of the 
module of universal one-forms on P into horizontal and vertical parts. It is described 
equivalently as a /c-linear map D : P —>■ (Q^A) P ~ Q^A^aP such that 

(a) for all a G A and p & P, D{ap) = aD{p) + da®AP, 

(b) (id(g)Ap) o D = (D^id) o Ap. 

Here Q^A denotes the universal differential structure on A (the kernel of the multipli- 
cation map). Since P is a right C-comodule, it is a right module for the opposite of 
the convolution algebra of C, P = (C*)"^. By the construction of A, the coaction Ap 
is left y4-linear, hence P is an (^4, P)-bimodule. The condition (a) means that D is a 
left connection in P, while condition (b) means that D is right P-linear. In a word: 
D is a left bimodule connection in P. 

Take a right C-comodule V. The C-coaction canonically induces the right P-module 
structure on V. Furthermore 

HomB(P, V) - Hom^(P, V), 
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where the latter denotes the vector space of C-cohnear maps P -^V. Hom^ (P, V) 
is formally dual to a noncommutative vector bundle with standard fibre V associated 
to A C P (such a bundle is defined as Hom'"(y, P)). By I2.8[ a strong connection D 
gives rise to a hom-connection (Hom*"(P, y), Vo = — Hom*" (D, V)). 

2.11. A map of differential graded algebras 6 : VlA VLB allows one to view both B 
and Q}B as A-bimodules by (the zero degree component of) 9. For any right A-module 
M, there are also natural isomorphisms of vector spaces, 

HomB(^]lp, HomA(P, M)) ~ HomA(^^^P®BP, M) ~ Hom^(^]lp, M). 

Furthermore, P is a differentiable {VtB, i7yl)-bimodule with the connection h ^ dh 
and with the twist map a : P(8)^fiM Q^B^bB ^ Q^B, b^A^ (—> b9{u)] see 
[H Example 2.11]. With this in mind one can state the following consequence of 
Theorem 12.71 

Corollary. Given a map 9 : VlA QB of differential graded algebras and a hom- 
connection Vo : Hom^(f2M, M) —>■ M, there is a hom-connection (Hom^(P, M), Vq), 

: HomB(l^^P,Hom^(P,M)) ^ HomA(P,M), 

defined by 

V^(/)(&) ■.= \/oifoi,o9)-fidb), 

for all f G Homij(fiip,HomA(P,M)) ~ RoiRAi^^B , M) and be B. Here ib denotes 
the left multiplication by b E B , '■ Q^B, u ^ buj. 

Proof. One needs only to observe that, for all 6 G P, a?, = 4 o 6*, and then apply 
Theorem 12.71 to the differentiable bimodule P. □ 

3. Curvature and flat hom-connections 

3.1. Any hom-connection (M, Vq) can be extended to higher forms by the Leibniz 
rule as follows. The vector space 0„=o HomA(f^"A, M) is a right module of VlA with 
the multiphcation, for all uj G / G HomA(fi"+'M, M),uj' e 

fuj{uj') := fiuuj'). 

Note that fu G HomA(fi'"A, M). 
For all n, define 

V„ : HomA(n"+M, M) ^ HomA(fi'^A, M), 

by 

V„(/)(a;) := Vo(/a;) + (-iy"+VW, 

for all / G HomA(f2""'"M, M) and G fiM. Note that for n = this formula reduces 
to the Leibniz rule for Vo in Definition 12. H once Homyi(74, M) is canonically identified 
with M. 

3.2. Lemma. For alln>0, u e Vl'^A and f G HomA(fi'^+"+M, M), 

Vnifuj) = Vm+nU> + {-iT^'^ f diO . 
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Proof. For n = this is simply the definition of V„ in 13. 1[ For n > 0, take any 
a;' e OM, / e HomA(fi'"+''+M, M) and u G Q^'A. Then, on one hand, the definition 
of Vn yields 

On the other hand, the definition of Vm+n and the (graded) Leibniz rule for d imply 
that 

(Vm+„(/)t^)(a;') = Vm+n(/)(t^u;') 

= Voifuuj') + {~ir+'f{uduj') + i-ir+'^+'fidoou'). 
Hence, V„(/ci;) = Vm+n{f)^ + {—l)'^^^fduj, as claimed. □ 

3.3. Proposition. Let (M, Vo) he a horn- connection. For all n > 0: 

(a) Vn_i o V„ is a right A-linear map. 

(b) Set F = Vo o Vi, and define 

e„ : HomA((]'^+U,Af) ^ Hom^(fi"-M, Hom^(fi2^, M)), 

r/ien i/ie following diagram 
HomA(f^"+M, M) ^ HomA(fi""M, M) 

HomA(l^""M, HomA(fi2A, M)) 

Proof, (a) The application of Lemma [3.21 yields, for all / G Hom^(r2"+M, M) and 
a e A, 

V„_ioV„(/a) = V„_i(V„(/)a) + (-l)"V„_i(/rfa) 

= V._i(V„(/))a + (-l)'"-V„(/)rfa + (-l)"V„_i(/rfa). 

Take any u G i7"A and, using the (graded) Leibniz rule for d and the definition of the 
V„, compute 

{Vn{f)da - V„„i(/da)) {u) = V„(/)(rfa^) - Voifdau) - {-lYf{daduj) 
= Woifdau) + (-l)"+V(c^((/aa;)) - Woifdau) - {-1^ f {daduo) = 0. 
Therefore, Vn-i o V„(/a) = (V„-i o V„(/)) a, as required. 

(b) For all u G and / G HomA(^^"+M, M), 

(V„_ioV„)(/)(^) = Vo(V„(/)u;) + (-l)'^V„(/)(c?a;) 

= Vo(V.(/)a;) + (-l)"Vo(/rfa;). 

By Lemma [3.21 

V.(/)u; = Vi(/c^) + (-l)"-Vc?^- 

Hence 

(V„_i o V„)(/)(^) = Vo (Vi ifu)) = (Hom^(fi"-U, F) o e„) {f){u), 
as claimed. □ 
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3.4. Definition. The right ^-module map F = Vq o Vi : B.ouiAi^'^A, M) ^ M is 
called a curvature of a horn- connect ion (M, Vq). A hom-connection (M, Vq) is said 
to be flat if its curvature is the zero map. 

3.5. Corollary, (a) Any flat hom-connection (M, Vq) gives rise to the chain com- 

plex 

^ Hom^(^]M, M) HomA(^^M, M) M. 

The homology of this complex is denoted by M, V*). 

(b) The action ofQA on ©„=q Hom^(f2"74, M) described in \3.1\ descends to the right 
action of the cohomology ofQA, H*{A), on if^(A;M, V*) 

Proof. Part (a) follows immediately by the commutative diagram in Proposi- 
tioning] (b). Assertion (b) is a consequence of Lemma [3.21 □ 

3.6. Example. Suppose that [Q^A, d) is an inner first order differential calculus on A 
with the generating form S, and take the associated hom-connection (M, Vq ) as in 
Example [231 Then, for all / G Hom^(nM, M) and u e n% 

vr(/)M = f{du) + vf (/^) = fidio + ioE), 

hence the curvature of Vq comes out as 

Fif) = fidE + E'). 

Thus (M, Vq ) is a fiat connection, provided dH + H^ = 0. Conversely, if M cogenerates 
Q^A as a right A-module, then flatness of (M, Vq ) implies that (iS + = 0. 

3.7. In the setup of I2.8[ a left connection V° : M ^ fiM®^M on an {A, i?)-bimodule 
is extended to higher forms by the graded Leibniz rule, 

V" : fi"y4(g)AM ^ f]"+U®AM, uj^Am ^ duj(g)Am + (-l)"cjV°(m). 

The higher forms V^ of a hom-connection (Hom5(M, A^), Vq = — HomB(V'', A^)) are 
related to the V" by 

V„ = (-ir+^HomB(V",A^). 
Thus the curvature of Vq comes out as 

F = -RomB{F,N), 

where F is the curvature of V°. Consequently, the hom-connection (HomB(M, A^), Vq) 
is fiat provided V*^ is a fiat connection. If is an injective S-module, then the ho- 
mology H^{A; HomsiM, N), V=k) can be computed from the cohomology of the com- 
plex H*{A; MjV*) associated to the flat connection V^, by applying the functor 
HomB(-,A^). 

A hom-connection associated to a fiat strong connection in a coalgebra- Galois ex- 
tension in 12. 101 is flat. 

3.8. In view of I2.1H a map of differential graded algebras can be used to induce hom- 
connections. The curvature of the induced hom-connection turns out to be closely 
related to the curvature of the original hom-connection. 

Proposition. Let 9 : QA — > flB be a map of differential graded algebras, and 
(IIomA(-B, M), Vq) be a hom-connection (with respect to flB ) induced from a hom- 
conn ection Vq : HomA(nM, M) M as in \2.11[ Denote by F the curvature of 
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Vo, and by the curvature 0/ Vq. Then, for all f G Hom5(ri^i?, Homyi(i?, M)) ^ 
HomA(fi^S, M), and all be B, 

F\f){b) = F{fbo9). 

In particular, ifVo is flat, then so is Vq- 

Proof. Note that, in view of the definition of the action of the differential graded 
algebra QB on the space 0^^^ Horns M) (see 13.11) . the definition of Vq in 
Corollary 12.111 can be equivalently written as Vo(/)(f>) = Vo(/& o 0) — f{db). The 
higher hom-connections associated to Vg are defined as in l3.1[ This definition of 
Vi together with the definition of Vq and with the Leibniz rule for d imply, for all 
beB,uen^B and / G Eomein^B, Hom^lS, M)) ~ HomA(fi^S, M), 

v?(/)H(6) = v'.ifum + fidujm 

= Vo{fooboe)-{fu){db) + f{dub) 
= Vo{fujboe) + f{d{ub)). 
Identifying B.omB{^^B,}iomA{B, M)) with RomAi^^B , M) , one thus obtains 

(3.8.1) V?(/)(a;) = Vo(/a; o 9) + /(du). 

Starting with the just derived equality (13.8. ip and then using the fact that 6* is a map 
of differential graded algebras and the definition of Vi in terms of Vo, one computes, 
for all u G Q^A and / G B.omA{n^B, M), 

vl{fmLu)) = Voifeiiu)oe) + fideiLu)) = Voiifoe)iu) + ifoe)iduj) = v,ifoe)iuj). 

Therefore, 

(3.8.2) V?(/)o0 = Vi(/o0). 

With these formulae at hand one computes the curvature of Vq as follows: 

F\fm = (v^v?)(/)(b) = Vo(v?(/)&o^^)-v?(/)(rf6) 
= Vo{vl{f)boe)-Vo{fdboe) 

= Vo (V?(/6) o 9) + Voifdb o 6) - Voifdb o 9) 
= Vo(Vi(/6o0)) = F(/6o0). 

The second equality follows by the definition of Vq in I2.1H the third equality is a 
consequence of (13.8.11) . Since Vf arises from the hom-connection Vq, it satisfies the 
Leibniz rule in Lemma 13. 2[ This yields the fourth equality. The penultimate equality 
follows by (13.8.21) . This proves the first assertion of the proposition. The second 
assertion is immediate. □ 

3.9. A differential graded algebra QA is said to be semi-free if Q'^'^^A = Q'^A^a^^A, 
for all n > 1. As revealed in [15], there is a bijective correspondence between semi- free 
differential graded algebras over A and A-corings with a group-like element. Starting 
with an A-coring C |T6] with coproduct A : C ^ C^aC, counit e : C ^ A and a group- 
like element x G C, the associated differential graded algebra flAc^x is determined from 
Q^Acx '■= kere, with the differential 

da = x®Aa — a®AX, do = x^^c — A(c) + c®ax, 

for all a G A, c G ker e. 
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Let j : here ^ C be the inclusion map. Take a right A-module M. Since C ^ 
AQkeie (cf. [1 28.14]), the formula, for any / e HomA(C, M), 

= Vo(/oj) + /(x), 

establishes a bijective correspondence between /c-linear maps (y9 : Hom^ (C,M) — ^ M 
and Vo : B.omA{fl^Ac^x, M) M. Under this correspondence, (M, Vq) is a hom- 
connection if and only if is a right A-module map rendering commutative the fol- 
lowing diagram 

Hom^(A, M) ^""^^"'^^ . RomA{C, M) 

^^^^^^ 
M. 

The hom-connection (M, Vq) is fiat if and only if also the following diagram 
HomA(C, HomA(C, M)) ^o^aAc^ ^ Hom^(C, M) 



HomA (C®aC, M) , HomA(C, M) M, 

commutes. These two conditions mean that (M, ip) is a contramodule for C; see 
im Section III. 5], [1^. Therefore, fiat hom-connections with respect to a semi-free 
differential graded algebra are in bijective correspondence with contramodules of the 
associated coring. 

The first order calculus VlA\. ^ is inner if and only if C is cosplit coring, i.e. if and 
only if there exists an element t G C such that, for all a & A, at = ta and = 1. 
The generating one-form is S = t — x. The hom-connection defined in Example 12.51 is 
fiat provided t is a group- lilce element. 
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